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Signatures of X-ray reprocessing (reflection) out of an accretion disk are commonly observed in
the high-energy spectrum of accreting black holes, and can be used to probe the strong gravity
region around these objects. In this paper, we extend previous work in the literature and we employ
the first full emission model for relativistic reflection in non-Kerr spacetime to demonstrate an
approach that tests the Kerr black hole hypothesis. We analyze a composite spectrum obtained
with the proportional counter array in the Rossi X-ray Timing Explorer (RXTE), of the stellar-
mass black hole GX 339−4 in its brightest hard state. With a remarkable sensitivity of ∼ 0.1% and
40 million counts in the 3− 45 keV band to capture the faint features in the reflection spectrum, we
demonstrate that it is possible with existing data and an adequate model to place constraints on
the black hole spin a∗ and the deformation parameter that quantifies the departure from the Kerr
metric. Our measurement obtained with the best fit model, which should be regarded as principally
a proof of concept, is a∗ = 0.92+0.07−0.12 and α13 = −0.76+0.78−0.60 with a 90% confidence level and is
consistent with the hypothesis that the compact object in GX 339−4 is a Kerr black hole. We also
discuss how the physical model choice and the emissivity profile adopted could make an impact on
the constraints of α13 and spin. To enable Kerr metric test using X-ray reflection spectroscopy, it is
essential to improve our astrophysical understanding of the black hole system, e.g., the natures of
accretion flow and corona.
I. INTRODUCTION
Einstein’s theory of general relativity (GR hereafter)
was proposed at the end of 1915 [1] and is currently the
standard framework for the description of gravitational
fields and the chrono-geometrical structure of spacetime.
While largely successful, application of Einstein’s theory
to our Universe has led to some unexplained phenomena,
e.g., dark energy. Even on purely theoretical grounds,
there are challenges like the presence of singularities and
the difficulty in finding a good theory of quantum grav-
ity. A number of extensions and modifications of GR
have been proposed to deal with these challenges. Over
the past century, there have been significant efforts to
test the theory in weak gravitational fields, mainly with
experiments in the Solar System and radio observations
of binary pulsars [2]. GR has been highly successful in
this regime and it is desirable that alternative theories
match with GR in this regime. Thus, most of the al-
ternative theories have the same predictions as GR for
weak fields and present deviations only when gravity be-
comes strong. Thanks to the advent of new observational
facilities, there is today an increasing interest in the pos-
sibility of testing GR in the strong gravity regime [3–8].
Black holes are the most interesting candidates for such
strong gravity tests.
∗ Corresponding author: bambi@fudan.edu.cn
Black holes are extremely compact objects in which
matter has collapsed to a singularity. Today we have
a body of observational evidence strongly supporting
the existence of dark and compact objects within our
Galaxy and across the Universe which can be interpreted
as the black holes of Einstein’s theory. They are found
in various scenarios, peppered throughout each galaxy
as remnants of stellar collapse [9], within galactic cen-
ters [10], and in mergers [11, 12]. Around an astrophysi-
cal black hole, a flattened band of spinning matter (gas,
dust, and other stellar debris) outside the event hori-
zon called the accretion disk is formed. In 4-dimensional
GR, the only stationary and asymptotically flat vacuum
(electro-vacuum) black hole spacetime with a regular ex-
terior region is described by the Kerr (Kerr-Newman)
solution [13, 14]. It is also intriguing that these black
holes are extremely simple objects, being defined by not
more than three parameters: mass M , spin angular mo-
mentum J , and electric charge Q [15–18].
It is a remarkable fact that the spacetime metric
around astrophysical black holes is well described by the
Kerr solution. As soon as a black hole is formed, ini-
tial deviations from the Kerr metric are quickly radiated
away with the emission of gravitational waves [19, 20].
The equilibrium electric charge is extremely small for
macroscopic objects and completely negligible for the
metric of the spacetime [21]. Accretion disks typically
have a mass of many orders of magnitude smaller than
the central object and their impact on the background
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2metric can be safely ignored [22, 23]. Eventually, macro-
scopic deviations from the Kerr spacetime would only be
possible in the presence of new physics, such as classical
extensions of GR [24], macroscopic quantum gravity ef-
fects [25–27], or in the presence of exotic matter [28, 29].
These deviations would affect the spacetime in a variety
of ways and by probing the spacetime geometry, one can
identify the deviations and thus test the extensions and
modifications of GR.
Currently, there are two approaches for probing the
spacetime geometry: electromagnetic radiation [30–32]
and gravitational waves [33, 34]. With the electro-
magnetic approach, currently there are two leading
techniques to probe the spacetime geometry around a
black hole: the study of the thermal spectrum of thin
disks (continuum-fitting method) [35–37] and the analy-
sis of the relativistically smeared reflection spectrum of
thin disks (reflection method, often called the iron line
method) [38–40]. Both techniques have been developed
for measuring black hole spins under the assumption of
Kerr background and can be naturally extended for test-
ing the Kerr metric [41–48]. The reflection method has
some advantages over the study of the thermal spectrum.
The former can be easily applied to both stellar-mass and
supermassive black holes, while the latter is only observ-
able in stellar-mass black hole systems. The simple shape
of the thermal continuum is advantageous for measuring
spin (when assuming a Kerr geometry and fitting two
parameters), but not suitable for probing higher order
structures including searches for deviations from Kerr. In
contrast, the reflection spectrum has a distinct structure
with a number of prominent features, e.g. fluorescent
lines and absorption edges. Thus, in the presence of high
quality data and the correct astrophysical model, the re-
flection method is potentially quite a powerful tool to
constrain the metric around black holes (see, for instance,
Refs. [49, 50]). The current limitation of the technique is
mainly the uncertainty in the astrophysical model (e.g.,
the coronal/disk geometry and dynamics of the corona).
In this paper we test the hypothesis that the back-
ground metric around an astrophysical black hole is de-
scribed by the Kerr solution, by applying the first non-
Kerr X-ray relativistic reflection spectral model to real
observational data of the black hole binary GX 339−4.
The content of the paper is as follows. In Section II,
we review parametrically deformed Kerr metrics and de-
scribe a non-Kerr metric that we implemented in our re-
flection model. We review the technique of X-ray reflec-
tion spectroscopy and our reflection model in Section III.
Section IV describes the observations, data reduction,
and outlines our procedure for combining the individual
spectra into the composite spectrum. Our fitting pro-
cedure and results of the constraint of the deformation
parameter and the spin parameter appear in Section V.
We draw our conclusions in Section VI.
Throughout the paper, we employ units in which GN =
c = 1 and the convention of a metric with signature (−+
++).
II. TESTING THE KERR PARADIGM
There are two natural strategies to test the Kerr black
hole hypothesis. In the top-down approach, we begin
with a specific modified theory of gravity which has solu-
tions mimicking black holes. These solutions’ differences
from the Kerr solution are parametrized by one or more
deformation parameters. In this approach, testing astro-
physical data for the presence of deformation parameters
amounts to testing the specific modified theory. This ap-
proach is the most logical, but it typically presents two
problems. Firstly, there are a large number of modified
theories of gravity and there is no clear preference for
any one of them, so the search for deformation parame-
ters has to be repeated for every theory. Secondly, black
hole solutions are known in very few modified theories
of gravity, and in many of those only the non-rotating
and the slow-rotating solutions, while fast rotating black
hole solutions, preferred observationally, are known only
in exceptional cases.
In the bottom-up approach, we consider a phenomeno-
logical parameterization of the Kerr metric, which in
principle should be able to describe the spacetime of
any possible black hole in any possible gravity theory
(in practice, bottom-up metrics describe black hole met-
rics with a range that encompasses a variety of, but not
all, alternative theories). A number of deformation pa-
rameters are used to quantify possible deviations from
the Kerr metric, and analysis of astrophysical data con-
strains potential deviations from the Kerr solution in a
model-independent way.
The bottom-up approach is analogous to the
Parametrized Post-Newtonian (PPN) formalism [2] that
has been successfully employed to test the Schwarzschild
solution in the weak field limit with Solar System exper-
iments over the past several decades. Within the PPN
framework, we write the most general static, spherically
symmetric, and asymptotically flat metric in terms of the
expansion parameter M/r , where M is the mass of the
central object and r is some radial coordinate. When ar-
ranged in the Schwarzschild coordinates, the line element
reads
ds2 =−
[
1− 2M
r
+ (β − γ)2M
2
r2
+ . . .
]
dt2
+
(
1 + γ
2M
r
+ . . .
)
dr2 + r2dθ2
+ r2 sin2 θdφ2 . (1)
β and γ are free parameters to be measured by experi-
ments. The only spherically symmetric vacuum solution
of Einstein’s equations is the Schwarzschild metric and it
requires β = γ = 1. Other theories of gravity may have a
different spherically symmetric vacuum solution, and in
this case β and γ may not be exactly 1. Current obser-
vational data in the Solar System provide the following
constraints on β and γ [51, 52]
|β − 1| < 2.3 · 10−4 , |γ − 1| < 2.3 · 10−5 , (2)
3confirming the validity of the Schwarzschild solution in
the weak field limit within the precision of current obser-
vations.
There are several proposals for bottom-up metrics,
the most extensively employed ones are the Johannsen-
Psaltis metric [53], the Johannsen metric [54], and the
Konoplya-Rezzolla-Zhidenko metric [55]. Here we adopt
the Johannsen metric to describe the spacetime geome-
try. Its most important properties are that: i) the met-
ric is regular (no naked singularities or closed time-like
curves) everywhere on and outside of the event horizon,
just like the Kerr metric, and ii) it was explicitly shown
that it is able to recover some black hole solutions in
alternative theories of gravity for suitable choices of the
free parameters. In Boyer-Lindquist coordinates, the line
element of the Johannsen metric reads [54]
ds2 =− Σ˜
(
∆− a2A22 sin2 θ
)
B2
dt2
− 2a
[(
r2 + a2
)
A1A2 −∆
]
Σ˜ sin2 θ
B2
dtdφ
+
Σ˜
∆A5
dr2 + Σ˜dθ2
+
[(
r2 + a2
)2
A21 − a2∆ sin2 θ
]
Σ˜ sin2 θ
B2
dφ2 (3)
where
a = J/M , B =
(
r2 + a2
)
A1 − a2A2 sin2 θ ,
Σ˜ = Σ + f ,Σ = r2 + a2 cos2 θ ,
∆ = r2 − 2Mr + a2 . (4)
and the four free functions f , A1, A2, and A5 are
f =
∞∑
n=3
n
Mn
rn−2
,
A1 = 1 +
∞∑
n=3
α1n
(
M
r
)n
,
A2 = 1 +
∞∑
n=2
α2n
(
M
r
)n
,
A5 = 1 +
∞∑
n=2
α5n
(
M
r
)n
. (5)
The metric elements depend on the mass and spin of the
black hole as well as on four free functions that measure
potential deviations from the Kerr solution. The first
order deformation parameters in these free functions are
3, α13, α22, and α52. This metric exactly reduces to the
Kerr solution for 3 = α13 = α22 = α52 = 0.
In the Kerr metric, the condition for the existence of
an event horizon is |a∗| ≤ 1, where a∗ = a/M = J/M2 is
the dimensionless spin parameter. If |a∗| > 1, there is no
horizon and the singularity at the origin r = 0 is naked.
In the Johannsen spacetime, we still have the condition
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FIG. 1: A cartoon illustrating the process which gives
rise to reflection emission from a disk-coronal geometry.
The three main spectral components are indicated by
different colored arrows. Thermal component:
multi-temperature black body radiation from the disk.
Comptonization component: inverse Compton
scattering of the thermal photons off free electrons in a
hot plasma cloud called the “corona”. Reflection
component: the Comptonized photons illuminate the
disk, and interactions including Compton scattering and
photoelectric absorption generate the reflection
emission. See the text for more details.
|a∗| ≤ 1. Moreover, in order to exclude a violation of
Lorentzian signature or the existence of closed time-like
curves in the exterior region, we have to impose that
the metric determinant is always negative and that gφφ
is never negative for radii larger than the radius of the
event horizon. These conditions lead to the following
constraints on the first-order deformation parameters [54]
α13, 3 ≥ −
(
1 +
√
1− a2∗
)3
, (6)
α22, α52 ≥ −
(
1 +
√
1− a2∗
)2
. (7)
In the present work, as a first step we only explore a non-
vanishing α13, and we set to zero all other deformation
parameters. Since the metric is singular for B = 0, we
impose that B never vanishes for radii larger than the
event horizon, and we obtain the following constraint
α13 ≥ −1
2
(
1 +
√
1− a2∗
)4
, (8)
which is stronger than the requirement in Eq. (6).
III. X-RAY REFLECTION SPECTROSCOPY
The standard picture for an accreting black hole sys-
tem involves an accretion disk and a compact corona of
4hot electrons (see Fig. 1). The accretion disk emits as
a blackbody locally, and as a multi-temperature black-
body when integrated radially (see, e.g., Ref. [56]). The
temperature of the disk depends on the black hole mass,
the mass accretion rate, the position in the disk, and at
some level on the spin and possible deformation parame-
ters. For a black hole accreting at ∼ 10% of its Eddington
limit, the thermal emission of the inner part of the accre-
tion disk is in the soft X-ray band (∼ 1 keV) for stellar-
mass black holes and in the optical/UV band (1 ∼ 10 eV)
for the supermassive ones. Inverse Compton scattering of
the thermal photons from the accretion disk off free elec-
trons in a hotter (∼ 100 keV) plasma cloud, called the
“corona”, generates a Comptonization component, which
is often modeled with a cut-off power-law spectrum. A
fraction of the Comptonized photons illuminate the disk.
The integration of these photons with the material of the
accretion disk, which mainly includes Compton scatter-
ing and photoelectric absorption followed by fluorescent
line emission or Auger de-excitation, produces the reflec-
tion spectrum.
The reflection spectrum is a combination of radiative
recombination continua, fluorescent lines (most notably
the iron K complex at 6 ∼ 7 keV), absorption edges, and
a Compton hump at 20 ∼ 30 keV. This radiation car-
ries information on the physical composition of the ac-
cretion disk and on the strong gravitational field around
the black hole. The Fe K emission line (and other flu-
orescent lines) are broadened and skewed by relativistic
effects (Doppler effects, gravitational redshift, and light
bending). To illustrate the relativistic effect of the black
hole, we show in Fig. 2 left panel the broadened iron lines
for three representative values of the black hole spin, viz.,
−0.99, 0 and 0.99, while keeping all deformations zero.
The clear change in the shape of the line for different
spin shows that by fitting for the line, one can recover
the spin of the black hole. This has been a standard
technique for measuring black hole spin for a decade. In
the right panel of the same figure, we show the lines,
keeping spin constant, for three representative values of
the Johannsen deformation parameter α13. The shape of
the line also changes with α13, and therefore, reflection
spectroscopy can also be used to estimate the deviation
from Kerr (see Ref. [57] for the effect of other Johannsen
deformation parameters on the iron line shape).
The reflection model most widely used in the past for
both general application and measuring black hole spins
is reflionx [58]. Recently, a more sophisticated reflec-
tion model, relxill, has been developed. It is based
on the reflection code xillver [59–61], and the rela-
tivistic line-emission code relline [62–64]. Compared
to reflionx, relxill has several superiorities. For
instance, it produces reflection with the most updated
atomic database provided by the photoionization code
xstar [65], and thus delivers a superior calculation of
the ionization balance.
By calculating the transfer function for a generic
stationary, axisymmetric, and asymptotically flat black
hole spacetime, an extended relativistic reflection model
relxill nk has been constructed (see Ref. [57] for de-
tails on the model and Refs. [8, 50] for some results).
Presently, relxill nk includes α13, α22, 3 from the Jo-
hannsen metric and the conformal gravity parameter L
from the black hole solutions of [66, 67] as the deforma-
tion parameters. The analysis in this paper is limited to
α13, which has the largest impact on the shape of reflec-
tion spectrum among the deformation parameters of the
Johannsen metric; this means that the other deformation
parameters are set to be zero. The demonstration of the
impact of other parameters is left to other work.
IV. OBSERVATIONS, DATA REDUCTION, AND
COMBINING SPECTRA
We use observations from the X-ray mission Rossi X-
ray Timing Explorer (RXTE) which has the principal de-
tector the Proportional Counter Array (PCA) on board
containing five Proportional Counter Units (PCUs), with
sensitivity from 2 ∼ 60 keV. Even though the spectral
resolution of the instrument (17% at 6 keV) is limited,
the aggregate observing time and high-throughput signal
of RXTE are so large that we could obtain spectra for
many black hole systems, each with such high signal-to-
noise that we are effectively systematics limited.
Compared to other X-ray instruments, RXTE/PCA
has several advantages. Prominently, it is free from
the problematic effects of pileup, which is commonly a
serious problem in analyzing and interpreting data for
bright sources obtained using CCD detectors, which oc-
curs when several photons hit the detector at the same re-
gion between two read-outs, causing confusion in the sig-
nal from two distinct events combined as one with their
energies summed. Another attribute of the PCA, which
has only recently been surpassed by the Nuclear Spectro-
scopic Telescope Array (NuSTAR [68]), is its high-energy
sensitivity, which allows observations of both the Fe K
region and the Compton hump using a single detector.
By implementing a calibration tool called pcacorr, the
sensitivity of the RXTE PCA detector to faint spectral
features (such as the Fe K line/edge) is increased by up
to an order of magnitude by reducing systematic uncer-
tainties [69].
We test our non-Kerr model on GX 339−4 using the
observations previously analyzed in Ref. [? ], because of
the high signal-to-noise of the data and because we can
then compare the results here with those in [70]. For
simplicity, here we only consider the brightest data from
GX 339−4’s hard state. We analyze just the data col-
lected using the best-calibrated detector, PCU-2, which
also provides the richest data set. In order to boost
signal-to-noise, we produce a composite PCU-2 hard-
state spectrum of GX 339−4 with a total exposure time
of 46 ks, which is a summation of 23 individual exposures
taken during the 2002 outburst, all of them correspond-
ing to roughly the same source intensity (L/LEdd = 0.17
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FIG. 2: Normalized flux plotted as a function of energy at the observer using relline nk. The left figure plots Kerr
cases, with the labels indicating the value of a∗, while the right figure plots non-Kerr cases at a fixed a∗ = 0.9, with
the labels denoting the value of α13. Inclination is fixed in both cases at 45
◦.
assuming a distance of 8 kpc and a black hole mass of
10 M). The total number of source counts is 40 million
and the counts-per-keV in the continuum at 6.4 keV is
4.4 million, while the total number of counts in the Fe K
line region (3 ∼ 10 keV) is 28 million.
Now, since we have a newer version of relxill pack-
age that could introduce possible deviation from the Kerr
metric, we could look at this dataset from a new perspec-
tive.
All the uncertainties quoted in this paper are for a 90%
confidence range, unless otherwise stated. All spectral
fitting is done with one of the standard software systems
for analyzing X-ray spectral data, Xspec [72], and in
the Tbabs model, we used the Wilm set of interstellar
medium abundances [73] and Verner photoelectric cross
sections [74]. The χ2/d.o.f. of all the fits we performed
are shown in Tab. I.
V. SPECTRAL FITTING AND RESULTS
We firstly fit the data with an absorbed powerlaw
(Tbabs*powerlaw in Xspec language) with a fixed
column density NH = 4 × 1021 cm−2, and the residuals
show a clear signature of reflection including the Fe K
line/edge and the Compton hump (see Fig. 3 (a)). Thus,
a relativistic reflection model is fundamentally needed in
the following fits.
Besides the background metric, the spectral shape of
reflection also depends on the geometry of the emitting
region (the black hole spin a∗, the inner and the outer
edge of the emission region Rin and Rout), the disk prop-
erties (ionization state, Fe abundance), the inclination
angle of the disk with respect to the line of sight (i), and
the disk emissivity profile. The intensity profile is usually
modeled as a power-law Ie ∝ r−q, where q is called the
emissivity index. In each of our model choices, we tried
emissivity profiles including:
1. The canonical emissivity profile, Ie ∝ r−3 (q = 3).
2. Free emissivity index q all over the disk, i.e., Ie ∝
r−q. This profile performs the best both in statis-
tics and in parameter constraints in all models, so
its results were chosen to present, unless otherwise
stated.
3. Lamppost geometry, in which the corona is as-
sumed to be a point source on the spin axis above
the black hole source [75]. We note that the non-
Kerr relativistic reflection spectrum in lamppost
geometry was not available when this work was
done, and we later found that the Kerr lamppost
model does not result in a better fit than free
power-law emissivity profile in all models.
4. More sophisticatedly, the intensity could also be
modeled by a broken power-law, in which we have a
free emissivity index q1 interior to a fitted breaking
radius Rbr, and a fixed outer emissivity index q2 =
3, which corresponds to the Newtonian limit in the
lamppost geometry at large radii. In all models,
this choice would lead to comparable statistics as
the second profile with a free q, but it was difficult
to constrain the break radius.
We make the assumption that the inner disk is trun-
cated at the innermost stable circular orbit (ISCO) which
monotonically maps to a∗, as explored previously for this
data [70]. This is the key to constraining the deformation
parameter α13 and a∗. The reason is that Rin (set equal
to RISCO), α13 (which has a significant impact on RISCO)
and a∗ (which maps RISCO one to one), are all intercon-
nected and thus have a strong degeneracy waiting to be
broken.
A. Model 1: Relativistic reflection
Under such assumptions, in both Kerr and
non-Kerr fits, namely using Tbabs*relxill and
6Tbabs*relxill nk respectively, the residuals show
that two absorption features flank the Fe K line at
∼ 5.6 and ∼ 7.2 keV, and a Compton hump at higher
energies is present (Fig. 3 (b)). After relaxing the Kerr
requirement by introducing the deformation parameter
α13, the fit with only the relativistic reflection was
improved when χ2 reduced by 28 with one extra free
parameter.
We have also tried to treat the incident spectrum
as an nthcomp Comptonization continuum (Cp) in-
stead of the standard high-energy cutoff powerlaw.
With the model tbabs*relxillCp nk, a prominent
feature around 7 keV is clearly visible as shown in
Fig. 3 (f), whose residual shape is similar to that
with model Tbabs*relxill. This feature would not
vanish when we later tried to add a corresponding
xillverCp component, but would vanish if we in-
cluded an absorption via gabs. The best-fit parame-
ter values are shown in Tab. II. Notice that the model
tbabs*relxillCp nk*gabs has found the energy of the
absorption line is at 7.22+0.09−0.06 keV, which is perfectly in
alignment with the value that had been found in Ref. [70]
(7.23± 0.08 keV).
B. Model 2: both relativistic and unblurred
reflections
The residuals in Fig. 3 (b) are significantly reduced by
introducing an unblurred reflection component via xil-
lver. The unblurred reflection could physically originate
from cold material in a wind, the outer region of a flared
disk, or the companion star. Thus, the ionization param-
eter in xillver was fixed at its minimum value, log ξ = 0,
while the other parameters were linked to those in the
relativistic reflection.
In Ref. [70], the authors have found that the data
required the unblurred reflection to have near-solar Fe
abundance, while the inner-disk abundance was quite
high (AFe ∼ 5). A more plausible picture, using a single
value of abundance, would lead to a much worse fit, which
was the reason why they fixed the abundance to be solar
in xillver (AFe = 1) in their final fits despite defying
a natural explanation. Another thing to notice in that
work is that, the model Tbabs*(relxill+xillver) still
had a strong residual feature at ∼ 7.2 keV that needed
to be diminished by including a phenomenological Gaus-
sian absorption component gabs, which was plausibly
attributed to a highly ionized wind around the black hole
or else an instrumental calibration defect.
In our fits, when the Fe abundances are tied in the
relativistic and distant reflectors, relaxing the Kerr re-
quirement would reduce the χ2 by 58. The spin is found
to be extremely high (a∗ = 0.9861+0.0004−0.0039) and the scaled
deformation parameter α13 only has an upper limit of
-0.987. In addition, it performs even better than the
Tbabs*(relxill+xillver)*gabs fit, especially around
20 keV (see Fig. 3 (c)).
Surprisingly, in the non-Kerr metric, with either treat-
ment for Fe abundance in xillver, the fits are rather
comparable in nearly all energy bins, as shown in
Fig. 3 (d), and the best fit values are presented in Tab. II.
Thus, the deformation parameter has shown its potential
to settle the unexpected discrepancy of Fe abundance in
inner-disk and distant reflections in previous study.
C. Model 3: both relativistic and unblurred
reflections, with absorption
The model tbabs*(relxill nk+xillver) (AFe tied)
does not require an absorption feature, as attempting to
add an absorption via gabs does not improve the fit.
In contrast, when AFe = 1 in xillver, we found an
absorption at ∼ 7.4 keV would further reduce χ2 by 13
with 2 more d.o.f. (see Fig. 3 (e)). This is a marginal
improvement, but produces the best statistical fit, with
χ2/d.o.f. = 62/58 = 1.07. Fig. 4 shows the data and the
best-fit model (top panel) as well as the different model
components (bottom panel). When comparing this fit
and the fit with frozen emissivity index q = 3, namely
fit (e) and (f) in Tab. II, we found they are quite similar
regarding the best-fit values and the statistics, expect
for that the free q fit has a looser constraint on the Fe
abundance and the deformation parameter.
As seen in Tab. II, we also note that the inclination
determination is stable across fits, and falls into the range
of 37◦ < i < 78◦ from optical analysis [76].
For an exploratory purpose, on the fit
tbabs*(relxill nk+xillver)*gabs (AFe = 1 in
xillver, frozen q = 3), we performed Markov Chain
Monte-Carlo (MCMC) analysis using the emcee-
hammer Python package [77] which implements
affine-invariant sampling via the Xspec implementa-
tion described in [78]. With MCMC’s great power in
high-dimensional analysis, we can explore efficiently the
parameter space, and directly determine the posterior
probabilities for all the model parameters, calculate
the confidence contours and search for degeneracies.
We utilize 80 walkers, which are initialized in a cluster
distributed about the best fit we found in the model.
Each walker has 870,000 elements in total, and the
initial 400,000 elements are discarded as “burn-in”
period during which the chain reaches its stationary
state. As the autocorrelation length is typically several
thousand elements, the net number of independent
samples in the parameter space we have is order of 104.
We show a corner plot with all the one and two di-
mensional projections of the posterior probability distri-
butions of all free parameters in Fig. 5. From the same
figure we can also see which parameters are correlated
and which are not. In particular, the deformation pa-
rameter α13 is correlated with the black hole spin a∗ and
the disk’s inclination angle i, but not much with the other
parameters. In Table II, we show the best fit values with
uncertainties for all parameters, based on the marginal-
7TABLE I: Statistics (χ2/d.o.f.) of the individual fits to the spectrum. Note that the non-Kerr relativistic reflection
spectrum in lamppost geometry was not available when this work was done. † The models all include the galactic
absorption model with a fixed column density 4.0× 1021cm−2. In addition, AFe tied or AFe = 1 refers to the Fe
abundance treatment in xillver, while in relxill AFe is always free.
Model† q1 = q2 = 3 q2 = 3, free q1 and Rbr free q1 = q2 lamppost (lp)
relxill 322.3/63=5.1 266.2/61=4.4 260.2/62=4.2 307.4/63=4.9
relxill nk 315.3/62=5.1 233.3/60=3.9 232.2/61=3.8
relxill+xillver (AFe tied) 224.9/62=3.6 133.8/60=2.2 135.4/61=2.2 210.9/62=3.4
relxill nk+xillver (AFe tied) 103.8/61=1.7 102.1/59=1.7 77.0/60=1.3
relxill+xillver (AFe = 1) 141.5/62=2.3 81.9/60=1.4 82.0/61=1.4 133.4/62=2.2
relxill nk+xillver (AFe = 1) 77.2/61=1.3 74.0/59=1.2 74.3/60=1.2
(relxill+xillver)*gabs (AFe tied) 126.6/60=2.1 96.6/58=1.6 95.7/59=1.6
(relxill nk+xillver)*gabs (AFe tied) 103.1/59=1.7 95.6/57=1.6 77.0/58=1.3
(relxill+xillver)*gabs (AFe = 1) 67.2/60=1.1 62.3/58=1.1 63.2/59=1.1
(relxill nk+xillver)*gabs (AFe = 1) 62.8/59=1.1 62.3/57=1.1 62.2/58=1.1
relxillCp 152.8/63=2.4 146.7/61=2.4 147.5/62=2.4 268.1/63=4.3
relxillCp nk 146.3/62=2.4 145.0/60=2.4 145.0/61=2.4
relxillCp*gabs 83.3/61=1.4 74.3/59=1.2 74.3/60=1.2 149.5/61=2.4
relxillCp nk*gabs 78.8/60=1.3 66.5/58=1.1 67.9/59=1.2
TABLE II: Best fit parameters for several targeted fits chosen from all of our test fits in Tab. I, to investigate how
the physical model choice and emissivity profile would make a difference to the resulting estimation of spin and
deformation parameter. The fit labels (a) to (f) correspond to the contour plots in Fig. 7. † The models all include
the galactic absorption model with fixed a column density 4.0× 1021cm−2.
Model† Parameter relxill nk+xillver relxillCp nk relxillCp nk*gabs (relxill nk+xillver)*gabs
(a) (b) (c) (d) (e) (f)
relxill(cp) nk q 2.84± 0.03 2.894+0.007−0.010 3.2+0.3−0.2 2.48+0.02−0.06 3∗ 2.8+0.4−0.2
relxill(cp) nk a∗ 0.988+0.002−0.005 0.9861
+0.0004
−0.0039 −0.68+0.55−0.19 0.988+0.003−0.034 0.92+0.07−0.12 0.987+0.007−0.154
relxill(cp) nk i (degrees) 46.0+2.6−0.2 48.4
+0.2
−0.1 35.5
+1.8
−0.9 40.0
+1.3
−1.0 49± 3 51+3−2
relxill(cp) nk Γ 1.575+0.004−0.006 1.544
+0.007
−0.004 1.691
+0.005
−0.004 1.671
+0.005
−0.001 1.575
+0.014
−0.013 1.580
+0.010
−0.009
relxill(cp) nk log ξ (erg·cm·s−1) 3.47+0.04−0.03 3.486± 0.016 3.35± 0.03 3.40+0.02−0.04 3.37+0.07−0.09 3.38+0.05−0.06
relxill(cp) nk AFe 9.5
+0.1
−0.2 3.14
+0.02
−0.04 6.8
+0.8
−0.9 > 9.4 7.7
+2.0
−2.5 > 5.3
relxill nk Ecut (keV) 85.4
+1.2
−1.0 99.6
+2.6
−1.1 - - 86± 3 85+3−2
relxillCp nk kTe (keV) - - 17.8± 0.3 16.4+0.2−0.1 - -
relxill(cp) nk Rf 0.251
+0.003
−0.030 0.85
+0.02
−0.04 0.21± 0.01 0.248+0.007−0.013 0.29+0.04−0.03 0.29+0.03−0.04
relxill(cp) nk α13
† < −0.81 < −0.987 < 0.13 < −0.73 −0.76+0.78−0.60 < 0.10
relxill(cp) nk Nrelxill nk(10
−3) 35.0± 0.5 24.4± 0.1 34.7+0.4−0.2 36.3+0.4−0.3 35.4+0.9−0.6 35.2± 0.6
xillver AFe 1
∗ tied - - 1∗ 1∗
xillver Nxillver(10
−3) 9.2+0.2−0.9 6.4
+0.2
−0.4 - - 8.3
+1.9
−1.6 9.8
+2.0
−1.7
gabs Eline (keV) - - - 7.22
+0.09
−0.06 7.40± 0.14 7.45+0.08−0.11
gabs Stength - - - 0.056+0.016−0.008 0.030
+0.013
−0.009 0.029
+0.008
−0.009
χ2/d.o.f. 74.3/60 = 1.2 77.0/60 = 1.3 145.0/61 = 2.4 67.9/59 = 1.2 62.8/59 = 1.1 62.2/58 = 1.1
Notes.
Errors are at 90% confidence level, are statistical only. Note that errors for model (e) are calculated for each parameter from
the MCMC after marginalising over all other parameters. ∗ indicates the parameter is frozen. † The deformation parameter
α13 is scaled in relxill nk to be in the range (-1,1), and the value and uncertainty of it are only unscaled to be the real one
(depends on a∗) in the metric in (e) where we performed MCMC simulation, i.e., for all the other fits, the scaled values are
shown.
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FIG. 3: Contributions to χ2 for the spectrum resulting from fitting. See the context for more details.
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tbabs*(relxill nk+xillver)*gabs with AFe = 1 in
xillver and q = 3 (top panel), and total spectrum with
different model components (bottom panel). This is the
fit we further performed an explorative MCMC
calculation.
ized distributions we obtain from the MCMC run. Our
results are largely consistent with those found in [70] un-
der the assumption of the Kerr background.
In Fig. 6 we zoom into the a∗ vs. α13 part of Fig. 5.
Several features can be observed here: Firstly, there
is some degeneracy between the spin and the deforma-
tion parameter, as expected (see Sec. III for a discus-
sion and Fig. 2). In particular, within 90% confidence
a∗ = 0.92+0.07−0.12 and α13 = −0.76+0.78−0.60. Secondly, this
result is consistent with previous constraints on α13, as
reported in [8, 50]. Thirdly, the Kerr solution (α13 = 0,
indicated by a solid black line in the figure) is recovered
within 90% confidence. Finally, we notice that the con-
tours of degeneracy obtained here with an MCMC anal-
ysis are comparable to those obtained in [8, 50]. This
does not imply that there are no lingering systematic ef-
fects with these modeling efforts, an issue that will be
examined further in a separate work.
VI. DISCUSSION AND CONCLUSIONS
There are factors that have already been shown to play
an important role in the estimation of the deformation
parameter: the choice of physical model and the emis-
sivity profile [79, 80]. In our case, this means that the
treatment of iron abundance in xillver, the emissiv-
ity profile, whether to include absorption via gabs, and
whether to see the incident spectrum as the cutoff pow-
erlaw or an nthcomp Comptonization continuum, could
all have an effect on the constraint of α13, and even the
spin parameter.
To investigate this, we have chosen 6 target fits from
Tab. I, presented the best-fit parameter values of them in
Tab. II. In Xspec, we performed steppar calculations
which generate the χ2 values stepping through given pa-
rameter ranges, in the a∗ vs. α13 parameter plane, and
we show the resulting 1-, 2-, 3-σ confidence contours in
Fig. 7.
The first message conveyed by these contour plots is
that, the choice of the physical model has significant
impact in the resultant constraints on the deformation
parameter. With the model relxill nk+xillver, the
contour shape is consistent with the uncertainties we
found in Tab. II (a) and (b), as the constraint on a∗
is very strong, and the scaled deformation parameter
only has an upper limit of -0.81 and -0.987 when the
Fe abundance is fixed to be solar and tied to the one in
relxill nk. However, when the Cp flavor is adopted
(Fig. 7 (c) and (d)), the parameter space within the con-
fidence contours becomes much wider, and its shape sug-
gests a strong correlation between the spin and the defor-
mation parameter which is as expected (see Fig. 2 as an
demonstration). Comparing Fig. 7 (c) and (d), we could
see the elongate region within the contour lines moves to
higher spin when an absorption is included, and a small
region with very high spin and small (∼ −1) deformation
parameter shows up which is overlapping with the one in
(e) and (f).
The contour in Fig. 7 (e) obtained from steppar
is consistent with our result from MCMC calculation
(Fig. 6). Since we also want to explore whether and
how emissivity profile would change the constraint, we
show the contour in Fig. 7(f) with the same model but
a free emissivity index q. The region at high spin and
near-to-zero deformation parameter stays quite similar,
but we find it surprisingly opens up a new region with
negative spin and high value of deformation parameter.
To investigate how this could happen, we plot the pre-
dicted models in both minima (with high spin and the
negative spin) and the distributions to χ2 (see Fig. 8).
The largest discrepancy between these two minima is
that they have found absorptions at slightly different en-
ergies (∼ 7.28 keV for negative spin, ∼ 7.45 keV for high
spin), but the energy resolution of RXTE can hardly tell
those apart, despite the extreme statistical precision. We
have also compared the negative-spin (a∗ < −0.05) to the
high-spin fit in terms of other parameter values: the in-
clination is reduced from 51 deg to 40 deg, and the emis-
sivity index is increased from 2.8+0.4−0.2 to 6.4
+1.9
−2.3, while the
others stay similar; note that the higher emissivity index
is unlikely because with a negative-spin, the correspond-
ing ISCO radius increases, and with the assumption of
Rin = RISCO, the actual scale of the disk’s inner radius
increases, making it implausible to have a large emissivity
index.
Thus, the ingredient that makes the strongest effect
on estimating the deformation parameter is the choice
of model. Specifically, in our case, the choice of model
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FIG. 5: Corner plot for all the free parameter-pairs in Model tbabs*(relxill nk+xillver)*gabs (AFe = 1 in
xillver, frozen q = 3) after the MCMC run.
includes whether to include of a Gaussian absorption fea-
ture, and whether to use the more physical “Cp” flavor of
incident spectrum, these two are shown to make a differ-
ence in the resulting contours; while we do not see a clear
evidence of the treatment of Fe abundance in xilllver
being an important factor. After comparing to the statis-
tics in [70], we notice that the newer version of relxill
only improves the fit moderately, but the freedom to de-
viate from the canonical emissivity index and/or Kerr
metric are important in settling the discrepancy of Fe
abundance in both reflectors found therein.
As a secondary factor, emissivity profile could also
change the results. In our several fits, we only find evi-
dence to support this in Fig. 7(e) and (f), as new region
of statistical minimum could possibly show up when the
extra d.o.f., q, is invited to play. We find no difference
with results produced by emissivity profiles (2) and (4)
described in Sec. V.
Even though model choice could make a huge difference
regarding the shape of confidence contours, we still notice
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that in the fits with decent statistics (except for (c) in
Fig. 7), the other 5 contours have a common statistical
minimum at very high spin a∗ ∼ 0.99 and α13 ∼ −1. The
consistent presence of this region of good fit suggests that
it may be robust to choice of model selection.
There are currently a number of uncertainties in the
astrophysical model limiting the ability to perform ac-
curate and precise tests of the Kerr metric using X-ray
reflection spectroscopy. The uncertainty in the corona
geometry does not permit to have a robust prediction
of the emissivity profile for the reflection emission and
the commonly adopted power-law or broken power-law
emissions are quite crude approximations. The disk is
assumed to be infinitesimally thin and the inner edge
is set at the ISCO radius, while we know that the disk
thickness increases as the mass accretion rate increases
and, for high accretion rates, the inner edge of the disk
may be at a radius smaller than RISCO. There are still
a number of simplifications in the calculations of the re-
flection emission in xillver: the razor-thinness of the
disk, the ionization parameter is constant over radius,
the electron density of the disk is throughout fixed and
too low for accretion disks of bright black hole binaries,
thermal photons from the accretion disk are ignored in
the radiative transfer calculations of the reflection emis-
sion, etc. Work to remove these simplifications is under
way and strictly compulsory if we want to try to use this
technique to perform precise tests of GR.
In this paper, we have applied the first non-Kerr full X-
ray relativistic reflection spectral model to test the Kerr
nature of an astrophysical black hole. Since we now have
more sophisticated reflection models, like the relxill
family, we have taken a step forward and begun analyz-
ing available X-ray data on specific sources available in
archive to demonstrate that tests of the spacetime metric
around black holes are possible.
In the present work, we have analyzed a com-
posite spectrum from the detector RXTE PCU-2 on
GX 339−4 with the highest observed luminosity for
hard states. We have only explored the Johannsen
deformation parameter α13, which has the largest im-
pact on the ISCO radius, and thus on the shape of
reflection spectrum, among the deformation parame-
ters of the Johannsen metric. In MCMC analysis with
tbabs*(relxill nk+xillver)*gabs (AFe = 1 in xil-
lver, frozen q = 3), the measurement on the black hole
spin parameter a∗ and the Johannsen deformation pa-
rameter α13 are (at 90% confidence level)
a∗ = 0.92+0.07−0.12 , α13 = −0.76+0.78−0.60 . (9)
The field is in a nascent state, so this work to measure
the non-Kerr deformation parameters is still exploratory
and limited by the modeling process and fundamentally
by our knowledge of black hole astrophysics. The av-
enues for improvement include better broadband obser-
vations with new telescopes coming up in next decade,
better modeling of the accretion flow, coronal properties
and other aspects of the black hole environment to ac-
count for systematic errors, more top-down metrics for
physically relevant deformation parameters, and better
bottom-up metrics for more comprehensive range of de-
formation parameters, among others.
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